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Kharazmi University
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Solutions for Homework 3

مͳ شوند: تعریف زیر شل به ϵijk ل̃وی⁃چیویتا نماد و δij کرونکر نماد یادآوری:

δij =

{
0 i ̸= j

1 i = j

ϵijk =


1 ijk = 123, 231, 312

0 باشند برابر اندیس دو حداقل که ͳصورت در

−1 ijk = 132, 213, 321

کرد: بیان نیز زیر سادەی شل به را لوی چیویتا نماد مͳ توان

ϵijk =
1

2
(i− j)(j − k)(k − i)

Problem 1:

Calculate the value of each of the following expressions.

� (a)
3∑

i=1

δii =?

� (b)
3∑

i=1

3∑
j=1

δijϵijk =?

� (c)
3∑

j=1

3∑
k=1

ϵijkϵmjk =?

� (d)
3∑

i=1

3∑
j=1

3∑
k=1

ϵijkϵijk =?

Answer Problem 1: See the lecture 3.

Problem 2:

Show that
êi · (êj × êk) = ϵijk

where ên (n = 1, 2, 3) are the orthonormal right-handed basis vectors in the order 1, 2, 3.

Answer Problem 2: See the lecture 3.
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Problem 3:

Show that

A×B =

3∑
i=1

3∑
j=1

3∑
k=1

ϵijkAiBj êk

Answer Problem 3:

A = A1ê1 +A2ê2 +A3ê3 =

3∑
i=1

Aiêi

B = B1ê1 +B2ê2 +B3ê3 =

3∑
i=1

Bj êj

A×B =

3∑
i=1

3∑
j=1

AiBj êi × êj

=

3∑
i=1

3∑
j=1

AiBj

3∑
k=1

ϵijkêk

=

3∑
i=1

3∑
j=1

3∑
k=1

ϵijkAiBj êk

Problem 4:

Show that

A · (B ×C) =

3∑
i=1

3∑
j=1

3∑
k=1

ϵijkAiBjCk

Answer Problem 4:

A · (B ×C) =

3∑
i=1

Ai(B ×C)i

=

3∑
i=1

Ai

3∑
i=j

3∑
k=1

ϵjkiBjCk

=

3∑
i=1

3∑
i=j

3∑
k=1

ϵjkiAiBjCk

=

3∑
i=1

3∑
i=j

3∑
k=1

ϵijkAiBjCk
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Problem 5:

Show that
A · (B ×C) = (A×B) ·C

Answer Problem 5:

A · (B ×C) =

3∑
i=1

Ai(B ×C)i

=

3∑
i=1

Ai

3∑
i=j

3∑
k=1

ϵjkiBjCk

=

3∑
i=1

3∑
i=j

3∑
k=1

ϵjkiAiBjCk

=

3∑
k=1

 3∑
i=1

3∑
i=j

ϵijkAiBj

Ck

=

3∑
k=1

(A×B)k Ck

= (A×B) ·C

Problem 6:

Show that
3∑

i=1

ϵijkϵilm = δjlδkm − δjmδkl

Answer Problem 6: The left side is a sum of three terms:

ϵjkiϵjlm = ϵ1kiϵ1lm + ϵ2kiϵ2lm + ϵ3kiϵ3lm.

This identity can be understood as follows: For the Levi-Civita symbol to have nonzero values, all
indices must differ in each factor on the left side (j ̸= k ̸= i and j ̸= l ̸= m). Since the first index j is
shared in both Levi-Civita symbols, and indices take values 1, 2, or 3, there are two possibilities: either
k = l or k = m.

• If k = l, the remaining indices must satisfy i = m, resulting in a term δklδim.

• If k = m, swapping l and m introduces a minus sign, leading to −δkmδil.

Combining these cases, the full identity becomes:

ϵjkiϵjlm = δklδim − δkmδil.

Proper attention to index ordering ensures the correct signs in the final expression.
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Problem 7:

Show that
3∑

j=1

3∑
k=1

ϵijkmjk = 2δim

Answer Problem 7:
Using

3∑
i=1

ϵijkϵimn = δjmδkn − δjnδkm

we can write:

3∑
j=1

3∑
k=1

ϵijkϵmjk =

3∑
j=1

3∑
k=1

ϵkijϵkmj

=

3∑
j=1

(δimδjj − δijδjm)

=

3∑
j=1

(δim − δijδjm)

=

3∑
j=1

δim −
3∑

j=1

δijδjm

= 3δim − δim

= 2δim

Problem 8:

Show that A× (B ×C) = B(A ·C)−C(A ·B). This is known as the BAC-CAB rule.

Answer Problem 8:

[A× (B ×C)]i =
∑
j

∑
k

ϵijkAj(B ×C)k

=
∑
j

∑
k

ϵijkAj

∑
m

∑
l

ϵklmBlCm

=
∑
j

∑
k

∑
m

∑
l

ϵklmϵijkAjBlCm

using ∑
k

ϵklmϵijk = δilδjm − δimδjl
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[A× (B ×C)]i =
∑
j

∑
m

∑
l

(δilδjm − δimδjl)AjBlCm

=
∑
j

∑
m

∑
l

δilδjmAjBlCm −
∑
j

∑
m

∑
l

δimδjlAjBlCm

=
∑
j

∑
l

δilAjBlCj −
∑
j

∑
m

δimAjBjCm

=
∑
j

(AjCj)Bi −
∑
j

(AjBj)Ci

= (A ·C)Bi − (A ·B)Ci

Therefor,
A× (B ×C) = B(A ·C)−C(A ·B)


